DEFORMABLE TRANSFORMATIONS OF RIBAUCOUR*

3Y

LUTHER PFAHLER EISENHART

When a system of spheres involves two parameters, their envelope consists
in general of two sheets, say 2 and 2, and the centers of the spheres lie upon
a surface S. A correspondence between 2 and 2, is established by the points
of contact on the same sphere. In general the lines of curvature on 2 and 2,
do not correspond. When they do, we say that = is in the relation of a trans-
formation of Ribaucour with Z;, and vice versa. For the sake of brevity
we call it a transformation R.

It is a known property of envelopes of spheres that if S be deformed and the
spheres be carried along in the deformation, the points of contact of the spheres
with their envelope in the new position are the same as before the deforma-
tion. Ordinarily when 8 for a transformation R is deformed, the sheets 2’ and
21 of the new envelope are not in the relation of a transformation R. Bianchit
has shown that when S is a surface applicable to a surface of revolution, it
is possible to choose spheres so that for every deformation of S the two sheets
of the envelope shall be in the relation of a transformation R. From the
equations which Bianchi used to prove this result it can be shown that if
S undergoes a single deformation so that the sheets of the new envelope are
in the relation of a transformation R the conjugate system on the deform of S
corresponding to the lines of curvature on the envelope is the same as before
deformation. It is known that a conjugate system may be preserved in an
infinity of deformations, or one, or none, the latter being the general case.
It is the purpose of this paper to determine the transformations R whose
surfaces of center admit one deformation into surfaces of center of trans-
formations R.

1t is shown that the only surfaces 2 admitting such transformations R
have the same spherical representation of their lines of curvature as isothermic
surfaces, and that every surface of this type admits such transformations.

The conjugate system on the surface S is a system 20, to use the notation
of Guichard. A conjugate system remaining conjugate in a single deformation
is called a permanent conjugate system. The present investigation carries
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with it the determination of all permanent conjugate systems which are 20.
It shows also that any conjugate system having the same spherical repre-
sentation as a permanent system 20 is of this kind also.

Evidently when one sheet of an envelope of spheres is a point or a plane
the transformation is of the type R. Hence a special class of the solutions
of our problem. include all transformations R whose surfaces of center may
be deformed so that in the new position the spheres pass through a point or
are tangent to a plane, which we have shown to be respectively transforma-
tions D,, of isothermic surfaces,* and transformations E,, of surfaces with
isothermal representations of their lines of curvature.t

When our general results are applied to the transformations D,, of isothermic
surfaces, we are led to the transformations T, of these surfaces discovered
by Bianchif and expressed intrinsically. The present results give a geo-
metrical basis to these transformations and other observations made recently
by Bianchi.§

1. TRANSFORMATIONS OF RIBAUCOUR

Let = be a surface referred to its lines of curvature, © = const., » = const.;
z,y, 2, its cartesian coordinates; X, Y, Z, the direction-cosines of its normal;
p1, p2, its principal radii of normal curvature. These quantities satisfy the
following equations of Rodrigues:||

ox X ox X
1 5;+P1517=0, 5;+92£=0.

Darboux{ has shown that if A and u are any two functions satisfying the

equations

N, dw_ D, o
(2) au+plau_0’ av+p2av _O’
on the surface S whose cotrdinates o, yo, 2o are given by
A A A
3) xo=x—;X, yo=y—;Y, zo=z—;Z,

the parametric curves form a conjugate system, and that the spheres with
centers on S and whose radii are given by \/u give a transformation R of Z,
and the most general one. We shall now find the expressions for the cartesian
coordinates 21, y1, 21 of the transform Z;.

*Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 351.
tAnnals of Mathematics, ser. 2, vol. 17 (1915), pp. 64-71.
tAnnali di Matematica, ser. 3, vol. 12 (1906), pp. 19-54.
§Rendiconti dei Lincei, ser. 5, vol. 24 (1915), pp. 377-387.

I| E., p. 122. A reference of this sort is to the author’s Differential Geometry.
9§ Lecons, vol. 2, p. 383.
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It X', Y,Z; X", Y"”,Z" denote the direction-cosines of the tangents to
the curves » = const., # = const. respectively on 2, we have*

y oL o, 10z
Y=Taw =g
X’ 1 9VE , E X’ 1946,
(4) W T e L Tt e T Fau X
144 "
ox" _1oNE., ox’_ _19¥G,, G,
ou NG 9 dv VE 9du P2
?(:_V__EX/’ '?LY=__‘I_5X/I.1-
U P1 dv P2

The equation of the sphere of radius A/u and center (3) is reducible to
p (e —a)+ 222 X(z1—2) =0,

where 1, y1, 21 are current coordinates. The equations obtained by differ-
entiating this equation with respect to » and v are

%Z €2 "3«')2+2)\\/E'EX'(:::1 —2)=0,

RS (51— 27 + AVG T X (51— 2) = 0.

These three equations may be replaced by

1 4 ”n
(5) @ == ——_(aX"+BX" + uX),
where m is a constant, and the functions «, 8, ¢ are subject to the conditions
(6) o + B+ u? = 2mho,
and

oA oA
= \/—E, Fy B \G.

Comparing equations (1) and (2), we see that \ is a solution of the equation
satisfied by x, y, 2, that is, the point equation for Z. Expressing this con-
dition, we find the expressions for da/dv and d3/du in the fundamental equa-
tions (I) below. The third and fourth of equations (I) below follow from the

*E., p. 157.
t Algebraic signs are given to these direction-cosines so that we have
XI Yl ZI
l XII Yll ZII - 1 .
X Y Z
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first two and (2). The functions k and [ in the fifth and sixth of equations
(I) may be taken as defined by these equations. The expressions for da/du
and dB3/dv are a consequence of the differentiation of (6). The fundamental
system is

)N o
El = Ea’ a,v Gﬁ;
w_ _NE  ow_ G
ou - P1 % dv - P2 ﬂ’
Bloga_kg 6loga_l§
du N\’ dd N
da _ 1 3VE «/E VE)o

D da 1 VG B 1 aNE

d  E ou B ou- Ng 9 ¥
% __10¥6_ 0
w - NEoult Lt

ok l[l oVE B(k+w/_)]

+m(l+vG)s,

w LG o
al 1 9V6 «
a‘=k[‘/—1—gw—x(l+‘fa)].

The last two of these equations must be satisfied in order that the con-
ditions of integrability of the derivatives of a and B shall be satisfied; in
deriving them we make use of the Gauss and Codazzi equations for =, namely

(a5 ) (G5 ) om0
3(4BY_104E 0 (0) 1030

T ps 9’ du T p Ou

)

Equations (I) form a completely integrable system of differential equations
and each set of solutions satisfying (6) gives a surface Z,, which, as we shall
show, is a Ribaucour transform of =.

From (5) we have by differentiation

9z,
av

®) o _ix,,

ou =Xy,
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where
- i ' _aﬁ ” ay
Xl_(l—nw)\)x _mcr)\X _'ma)\X
@ B g B
v B Ny, Br
Xo=oa X - (1 ma)\)X t X

Similar equations hold for the ¥’s and 2’s. Now X,, Y., Z;; X, Y\, Z}
are the direction-cosines of the tangents to the curves » = const., = const.
respectively on Z;. From these we find that the direction-cosines, X, Y;, Z;,
of the normal to =, are of the form

moN moN

If E; and G, are the first fundamental coefficients of Z;, we have on com-
paring (8) with (4) that
(11) NEi= -k, VG.=1.

On differentiating (10) we get

2
(10) X = —%X'—ﬁ—”X"+(1—”—)X.

a_lYl l?ﬁ.l. 8X1 1 6:::1

ou pu&u =0, dv +[_);_ 0’

where p1; and p;2 are given by
k(—1—+‘—‘)+w/'E(l+E)=o
pun A p1 A ¢
l’_l__'_f')_'_‘/'é(.l__i_&):
(Plz A pz N

Since the preceding equations are analogous to (1), we know that the lines of
curvature on Z, are parametric, and that p;; and pj2, given by (12), are the
principal radii of normal curvature of Z;. Hence

TraEOREM 1. Every set of solutions of equations (I) which satisfy the quad-
ratic relation (6) determines a transformation R of Z.

In consequence of (10) equation (5) can be given the form

(12)

(13) x;—x=—(X1 X).

2. THE TRANSFORMATION R OBTAINED BY THE DEFORMATION OF S
From (I) we find

d (N _« a(N)_B
¢4 a—u(;)ﬁ-’m &v(;)-n’m
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where we have put
1 1 k)
= —_—— = 1 —=).
(15) L, VE(I +p1/~t)’ L, \’G’( +p2“

Hence the first fundamental coefficients of S, whose coordinates are given by
(3), have the form

2 2
(16) E0=L%(1+(§)), Fo- LS8, GO=L§(1+(§)>_

When 8 is deformed into the surface of centers S’ of another transformation
R, the functions of the latter must necessarily give equivalent expressions
for E,, Fy, and G,. Since the spheres are unaltered in size, the functions
M\ and p’ are given by
17) No=p\, 4 =opu,
where p is a factor of proportionality.*

We call 2’ and Z| the two sheets of the new transformation R and indicate
by primes all functions belonging to the latter. From (14) and analogous
equations we have

ES(1452) 2w (1432),
" o1 M u Py M

V@§(1+u15)=«ﬁig(1+nl§).
B p2 5 Pz K

In order that the expressions (16) may be equal to similar ones for S’, we
must have in consequence of (18)

(18)

Because of (17) these may be replaced by
(19) o =pa, f'=—pB.1

When these values are substituted in equations analogous to the first two
of (I), we find for the determination of o

= _ g ke _ B m
200 PP -ZX(VE —AE), 3P o _C(N@ :
(20) o =5 (VE' = NE), 9 5 (NG +46)
* By thus fixing the signs of M and n’ we have merely chosen the positive direction of the
normal to =’.
t The choice of these signs is merely equivalent to determining the signs of the square
roots of E’ and G’ hereafter.
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Moreover, equations (18) are reducible to

(1453)- a(1+22).

P p1 K

(1) 1A 1A
- 112:7(1 +5 —) = 1/(—#(1 +——).

pz M P2 M

If these equations be differentiated with respect to » and w respectively
and in the reduction use be made of the Codazzi equations (7) and similar
ones for Z’, we get

1 0VE' 1 9VE B, —  —
o o TG e - xOVE B,

1 3¥G 1 936
B ou T NF ou

When these expressions are substituted in the Gauss equation for X',
analogous to (7), we are led to the condition

23) 2VE' G — NE'(1 — NG) + VG' (k — VE) + VEl + Gk = 0.

If we choose the constant m’ of the new transformation R equal to m,
it follows from the foregoing results and (6) that

(24) d = po.

In order that u’, o', 8, and ¢’, as given by (17), (19), and (24), shall
satisfy equations for 2’ analogous to (I) we must have

(22)

a i i~
=i‘(\’G + G).

¥ —k+ VE—- NE' =0,
(25)
V'+1— VG - 6" =0.

Moreover, these equations satisfy equations similar to the last two of (I)
when (23) is satisfied.

3. EQUATIONS IN REDUCED FORM. THE INVERSE OF A TRANSFORMATION R

Equation (23) may be replaced by the two equations

VF -L(E-0) +5(E+b),
(26) . .
NG =56 - +5 (& +D),

where 6 is a function to be determined by the equation (22). Reviewing the
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preceding discussion, we note that when such a function 6 is known, the
surface 2’ is defined intrinsically by (26) and (21).

When the values (26) of VE’ and VG’ are substituted in (22), we get for
the determination of 6

IBVE)
NG o )’

)

These equations are satisfied by ¢ = 1. In this case 2’ is congruent to = .
Another constant solution is ¢’ = — 1. Now equations (26) become

(28) NE'= -k, V& =1.

Comparing these equations with (11) and (21) with (12), we see that =" is Z,,
the transform of =, and consequently its transform Z; is Z. By means of
the foregoing results we shall then be able to find the expressions for the
functions X7, u!, @', 81, ¢! by which Z is obtained from Z,. In fact,
from (20) we have, to within a negligible constant factor, p = 1/Ao.
Consequently from (17), (19), and (24) we have

1 @ 8

29 ' =-, u_l—); al=55 Bl=-y, o=

(VE+ )5 = (¢ = ) (G + 1) (5 (VE+b) -
@) a6
(‘/E'-l-l)e"é;(é(e’—e")(VITJ+k)( (VG +1) -

> | =

It is readily shown that these expressions satisfy equations for Z; analogous
to (I).
4. SOLUTION OF EQUATIONS (27)
In view of the foregoing results, we are concerned with the solutions of

equations (27) other than ¢” = 1. By means of (I) these equations are
reducible to

ao 20 al; 8_0 — —20 6_14
(30) (-5, S=-(-e)T,
where ~
(31) A=log\/§(@+k), B=log\/;'-\(\/—é+l).

The condition of integrability of (30) is reducible to
(32) ®L—-M=0,
where
d’B dA4 4B %24 04 4B

33) L= 2wa M~ oun %% du

If =M = 0, there are an infinity of deformations of the kind sought.
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Bianchi has solved this problem and hence we exclude it from our considera-
tion.
Substituting the expression for ¢* from (32) in (30), we get

5 (L) a(1=L)B,  2(M)_,(,_dr)es
u\M/) T M)ou’ ow\ L/ " L)oo’

The integrals of these equations are

L —2B 'M —24
M—I—Ve , -L—I—Ue ,
where U and V are functions of u and » respectively.
Since we have excluded the case ¢® = 1, neither U nor ¥ can be zero.

The consistency of these equations necessitates
UV — Ue® — Vet =0,

which in consequence of (31) is equivalent to
2oV - (G 412U - (NE+kyV =0,

Because of the significance of £ and ! as shown by (11), we know that the
parameters u and o of the lines of curvature on = can be chosen so that U
and ¥ may be replaced by constants, which it is convenient to take as =+ 4.
Hence we have for consideration the three cases

(34) (w/E+k)2+(\/(_}'+l)2=:t42, U=V =4,

(35) (VE4+Ek2:—(NG+112=4>, U=-V=4¢,

> Q¥

36) (VE+kP-(NG+1p=-47, U=-V=-4.

If we restrict our consideration to the case of real transformations of real
surfaces, we may replace (34) by

(37) (\/E+k)=2\/§ecosw, (46+l)=2\/§fsinw,

where w is a function to be determined and ¢ = =4 1 according as \/o is posi-
tive or negative. Now (31) become

A = log 2Ve cos w, B = log 2 Ve sin w,
and from (32) we get

20

e = —tan’ w.
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These values of 4 and B satisfy (32) when L and M are given the values (33).
Since 6 is necessarily imaginary, equation (34) does not give rise to a real
solution of the problem.

Before considering equation (36), we remark that if we put

a=a, B =28, b=u, A=A, c=—o, m= —m,

equations (I) and (6) are satisfied, and from (5) it follows that the trans-
form Z, is the same as 2;. Hence equation (36) offers nothing different from
(35), which we now proceed to investigate.

If we replace (35) by

(38) \/_E+k=2\/§fcoshw, \’(_}+l=2\/§esinhw,

where ¢ = = 1 according as N\/e is positive or negative, we have

A =log2Vecoshw, B =log2esinhw,

and
(39) ¢ = tanh? w.
From (I) we obtain
dlogho a dloghs B
and _
3 \/E NE4+k 1 aVG 1 p
3u log X(m+l)=@+14—faau —5(VE + k)5,
(41)

) o VG +1 1 9VE 1 B
a’_vlogJ;(‘/E'i'k): @+k7§ s —Q(m'l'l)x.

Substituting the expressions from (38), we get
(42)

By means of (I) and (40) we find that the condition of integrability of these
equations reduces to

We shall now determine under what conditions a surface satisfies (43).
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5. SURFACES WITH THE SAME SPHERICAL REPRESENTATION OF THEIR LINES
OF CURVATURE AS ISOTHERMIC SURFACES

If the linear element of the spherical representation of = be written
do® = 8du? + Gdo?,
then
(44) 8=PfE’ g=P§G)

as follows from (1). Hence the Codazzi equations (7) may be written

193 19VE  19¥§ 194G
NG v g v’ N6 du  NE ou’
and consequently equation (43) may be replaced by

d(1aVs\ a(10+8
- @(‘@W) ()

It is our purpose to show that an orthogonal system on the unit sphere
satisfying this condition represents the lines of curvature of two isothermic
surfaces, which are the Christoffel transforms of one another by definition.

In the case of an isothermic surface, equation (44) may be replaced by

a a
(46) p1 = N p2 = V(_j”
or

b b
47 =—, = ——,
( ) P1 Vg P2 @
where
48) E =G =a, or b

The Codazzi equations (7) may be given the form

dlogVé 1 3py  dlogV§ 1 ap.
dv _pz—pla’v’ ou —pl’—pzau.

Substituting in these equations from (46) and (47), we have respectively

dloga 1 94s dloga 1948

o NG v’ du g du’
(49)

dloghb 19vs dlogh 19+¢

o Ng o’ du g du’

Equation (45) expresses the necessary and sufficient condition that these
equations shall be consistent. Conversély, when the spherical representation
of the lines of curvature of a surface satisfies (45), one obtains by quadratures
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from (48) and (49) the first fundamental coefficients of two isothermic surfaces
with the same spherical representation of their lines of curvature as the given
surface. Hence we have

THEOREM 2. The necessary and suffictent condition that a surface be iso-
thermic or have the same spherical representation of its lines of curvature as an
1sothermic surface 13 that condition (43) be satisfied.

6. TRANSFORMATIONS R OF THE TYPE SOUGHT

Let T be a surface satisfying equation (43). Then equations (I) may be
replaced by

)N

a_“= Ea, —@B’
w_ _VE  ou_ V6
W= T W T mP

g_z = _—jzafﬂ + p‘/—_+2mwlia_e cosh w,

da _ B NG 08 _ a NE
T NE Ou’  du g o’

(50) g—f = JEaai_a+p£+2m\/rre sinh w,

dlogo _ \/E )e
ou —(2 cosh w — VE G
aloga (2\/)‘ smhw—@)

do 1 9VG «

ol VB ou ’—)\ae sinh w),

a—w——la—@— B cosh w.

d NG I e
In consequence of these equations, the expressions for k& and [ of the surface
21, namely

(51) k=2\/§ecoshw—@, l=2\/§esinhw—@,

satisfy the last two of equations (I). Moreover, it is readily seen that

s (188 s (1a0)
u\ldv /) odv\kdu)’




1916] DEFORMABLE TRANSFORMATIONS OF RIBAUCOUR 449

so that 2, is a surface satisfying (43), as was evident from general considera-
tions.
From (26) and (39) we have

69 BB, AT =T
and from (25)

Equations (22) reduce to
1 9VE' 1 0VE B

- == - =0,
NG 0 TNG 0 Whee
7

Love 1%, o« ., _o

VE' du VE Ou Vce
from which it readily follows that E’ and G’ satisfy (43),

Equations (21) become
NE JE NG NG

54 — = — , — =
(54) P1 P1 + ‘/)\aee P2 P2 V)\aee

From (2) it follows that if a transformation R is determined by functions
A and p, another R, is given by N\ + ¢ and u, where ¢ is any constant. De-
noting the functions for R by \, u, ---, o, we have from (I)
(55) X=X+C, l_"‘_‘/‘r a=a’ E=B’ Fz=m,

and from (6)
\o

AN+ec’
Substituting these values in (I), we find that

N =\, o=

7c=%(k()\+c)+c@), '=%(l(>\+c)+c@)-

If Z; denotes the corresponding transform of Z, it follows from (10) that
=, and Z; correspond with parallelism of tangent planes.

For any transformation R the tangent planes to S are normal to the lines
joining corresponding points on 2 and Z;. From (5) and (55) it follows
that S and S, the surface of centers of the transformation R, correspond with
parallelism of tangent planes.

When these results are applied to the type of transformations R given
by (50) we have

w=w.
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7. WHEN Z IS AN ISOTHERMIC SURFACE

From (2) it follows that u satisfies the tangential equation of Z, that is
the equatlon satisfied by the direction-cosines of the normal to =. Hence
if T is any surface having the same spherical representation of its lines of
curvature as Z, the function p and the function X, given by equations for z
analogous to (2), determine a transformation R for Z. We say that this
transformation of 2 is obtained from the given transformation R of = by a
transformation of Combescure. From this result it is clear that if we find all
the transformations R of the type (50) of isothermic surfaces, all the other
solutions of our problem are obtainable from these by transformations of
Combescure. Accordingly we confine ourselves hereafter to the case where
Z is an isothermic surface.

When Z is isothermic, the parameters of the lines of curvature may be
chosen so that

(56) VE = VG = ¢*.

Now
(57) k+l=2(\/§ee"’—e“).

From equations (50) we derive the equations

%(\ﬁ—;e" —ed’) = (\/)T—;e“’ - e")(g—z - ':/‘;L),
a(Vee =) - (Ve - ) (8- 35

and the last two of equations (50) reduce to

3 ae® dw 9dlog VAc

du  Vrge Ou ou

The integral of these equations is

Vet

(58) =x+c’

where ¢ denotes a constant of integration.
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8. TRANSFORMATIONS D,, OF 2. ISOTHERMIC SURFACES PARALLEL TO 2’

When ¢ in (58) is zero, equations (50) become

)N 1)
o _ e Ir_ e
=% w ¢ B,
w_ _e w_ _¢
W= T w- T mP
do do
97 _ ¢ 99 _ _ ¢
59) w=-¢ « 1) 8,
G}
d a ¢
5:—:=_a—$ﬂ+u%l-+m(ae“+)\e""),
da_ 06 3B _ 3
c’}v_Bau’ ou - %3’
d 9 ¢
a—f=—5%a+#z—z+m(de¢—)\e_¢),
and from (51) we have
(60) k=—-1 =§e‘*.

These are the equations of transformations D, of isothermic surfaces into
isothermic surfaces discovered by Darboux.*
From (52) and (53) we obtain

(61) w/]?’=e"—§e—"‘, —1[(?’-=e“’+§e“",
and
(62) EF=U=0.

Hence = is a point and not a surface.

Conversely, if a transformation R can be deformed in such a way that one
of the sheets of the new envelope is a point, the requirement that the lines of
curvature on the two sheets of the new envelope shall correspond is satisfied
identically and consequently the preceding formulas apply. For this case
it follows from (53) that

VE =G = %ee“’,

and consequently the transformation R is a D .t

*Annales de 1’Ecole Normale Supérieure, ser. 3, vol. 16 (1899), pp.
491-508.
t Cf. Eisenhart, Rendiconti dei Lincei, lec.
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For the present case equations (20) become
dlogp  « dlogp B
JOEP & 4 _ TP _E - _
du ol 0, dv P 0,
from which it follows that ps is constant. Since the functions of a trans-
formation R are determined only to within a constant factor, it follows from
§ 2 that the functions by means of which 2’ is transformed into the point =,
are given by
P& ,_ _B ro kB b A =
(63) a_a.) B“ ¢’ /J'—o_, )\—o_, d =1.
From the general results of this paper it follows that Z’ has the same spher-
ical representation of its lines of curvature as two isothermic surfaces, say 2
and 2’. From (54) it follows that this spherical representation is determined

by
W— ’ ¢ _¢ !’ ¢
oy W YT Lt g W S u
P1 P1 o [} p2 O

Applying the results of § 5, we find that the first fundamental coefficients
of = and 2’ are given by

(65) VE=G=0t, E=AT=c%0.

The principal radii of normal curvature of these surfaces are given by

1 e%fe 1 e*fe
:=_<_+Ee—¢ , — = __E.e—¢ s
P1 g \pp O P2 o \p2 O
(66) ; . ) .
e e
:=e¢a(—+£e“"), -—,=—e“’a<——ﬁe“’).*
P1 pL O P2 p2 O

9. TRANSFORMATIONS D,, OF £ AND X/, AND THEIR DEFORMATIONS

Since = and X’ have the same spherical representation of their lines of
curvature as ', a transformation R of each of these surfaces is given by
taking for u the value of p’ in (63). From the third and fourth of equations
(I) we see that the corresponding functions o and B differ at most in signs
from o’ and B’ as given by (63). We consider the two surfaces separately.

For = we find that the functions are given by

= _¢ 2_B8 _k Y —
a=-, B—a’ B=_ A=N+ec,
- _ =N = —m
g ag(N+¢)’ ’

* Evidently for the surfaces symmetric to Z and Z’ with respect to a point, the expressions
analogous to (65) are the same and to (66) differ in sign.
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where ¢ is any constant. Furthermore,

l-c=<ce“’%-—()\+c)e“"), l=(ce‘*§+()\+c)e"").

When ¢ = 0, the surface = is isothermic and the transformation is a D,.
The values of the functions for this case are

1

B, X=x, ===,

(67) o = ’ I~"=;’

) =

QIR
|
Q

From equations analogous to (12) we find for the principal radii of Z; the
expressions

1 e“’(l y) 1 62"(1 p.)
6 —=(=+£ == (=+£).
(68) pir A P1+)\ ’ pz A P2+)\
In a similar manner, transformations of 2’ are given by
,y _ & /__é - _ K _I_._l
a_o,, ﬂ 0" #_0', N o= 0”
- A —
r -
A mwe=-m,

) _ & . _ P - _ K N —
(69) a =g B = b= N =

and the fundamental functions for the transform Z; have the expressions
"];r= _2/= _e‘t/)\’
(70) 1 A 1 A

511_” o’ 512_”' P2’

The isothermic surface defined by (70) has been considered by Bianchi;*
he calls the process by which it is obtained from = and the functions of a
transformation D,, of T the transformation T, determined by the given D,,.
This transformation was defined intrinsically by Bianchi without any indi-
cation of its geometrical relation to Z.

We shall now apply the results of § 8 to these surfaces Z and ¥, by de-
forming the surfaces of center S and S’ of the transformations D_n of these
surfaces defined by (67) and (69).

*Annali di matematica, ser. 3, vol. 12 (1906), pp. 19-54.
Trans. Am, Math. Soc. 30
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We call (Z’) the surface analogous to 2. From (61) and (64) we find
that its fundamental functions are given by

(NE') = (o¢® + e *), (VG') = — (ge® — Ne™*),

(«/E) e ( \@) e
p1 p1’ Pz pe’
Hence (=) has the same spherical representation of its lines of curvature as Z; .

Furthermore, from equations analogous to (65) and (66), we find that the
surfaces (), (Z’) analogous to Z, Z’ are defined by

W) e, (3)--d (3)--%

W)= (D)5 (3)-E

Hence (Z) and (2') are respectively the symmetric of = with respect to a
point and its Christoffel transform.

Proceeding in like manner with 2/, we get for (2)’, the surface analogous
to Z’, the functions

(VB =5 (o +267), (VFY =3¢ (a0t —2?),

CEY- (G terste). ()--(Gote3e).
P1 P1 P2 p2 T A

This surface has the same spherical representation of its lines of curvature
as ;. The surfaces (Z)’ and (')’ are respectively the symmetric of =;
and the Christoffel transform.

Let So be the surface of centers of the spheres enveloped by 2’ and 21 ,
the latter being a point, say 0. Corresponding normals to 2, z, and 2’
are parallel. In like manner, the normals to Z; and Z; are parallel to the
lines joining O to corresponding points of So. Hence the permanent conjugate
system on Sy, that is the system corresponding to the lines of curvature on Z,
project upon the unit sphere with center O into the orthogonal system repre-
senting the lines of curvature on Z; and ;. Applying the same reasoning to
the transformation resulting from the deformation of S, the surface of centers
of the spheres enveloped by 2’ and Z;, we see that the lines joining O to points
of S,, the deform of S, are parallel to the normals to £. Furthermore, it is
readily seen that S and S, correspond with parallelism of tangent planes;
and likewise S and S,.*

* The results of this paragraph were obtained by Bianchi by purely analytical processes
as a result of his intrinsic definition of the transformation 7. Cf. Rendiconti della
R. Accademia dei Lincei, ser. 3, vol. 24 (1915), p. 386.




1916] DEFORMABLE TRANSFORMATIONS OF RIBAUCOUR 455

10. CAsE ¢ + 0 IN EQUATION (58)

When we substitute the value (58) of w with ¢ % 0 in equations (50), they
become

oA 8)\
—_— = pb
wu-¢® v =B,
o e_"’ o _ _cf
Pl T vl
a_‘?._S(_ A —
E e W N C+ (A te)e
d

(71) 5;{: ﬁ(;e_l_ac o +c)e-")

+(>\+c)e"")

9 d ¢ Ao
5,,@: —£a+pe—+m(—c— (7\+c)e“’),
and

(72) k=——'+ e, l=——_

For the surface 2’ we have the functions

Ny . e L S SR o
g g
73
78) @__ uNt+e - \,-6—1'7__6_"_ f)‘-"ce—d’
p1 N ¢ ’ P2 p2 N @ ’
and for =} ,
P ce
EF=-=1 N+ o’
) 1 1/N+ 1 1/N+
[ C
/_31—1_0( p1 +“>’ piz_c( P2 +")'

The last two are a consequence of (73) and of equations analogous to (12).
From these expressions it is seen that 2 is an isothermic surface. We shall
now determine its relation to Z.

It is readily seen that, if A, u, a, B, ¢ are solutions of equations (71), a
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set of solutions of (59) is given by
AN)=N+e, w)=p, (a)=ea, (B)=8,

(m) =m.

() = )\+c

Hence these functions define a transformation (D,) of =, and a comparison
of (70) and (74) reveals the fact that Z;, as given by (74) is homothetic to
the transform of = by the T, determined by (Dy).

11. WHEN Z| IS A PLANE

From equations (21), (53), and equations for =’ analogous to (12), we find
the following expressions for the principal radii of normal curvature of Z;:

i\/z‘»_r) E, & o —
MK LA L) R vl

1 \/)zfu_r) NG, e
m(ae Gt Tt =0

Hence the necessary condition that Z; be a plane is

(75)

'J—E- Jé t w —0
(76) pl—pz——me =¢?,

where 0 is a function thus defined. This condition is also sufficient; other-
wise k', I, or both, is zero and the lines of curvature on =, are minimal.
In consequence of (76) equations (50) become

)N oA
au Ea; 5,;'-@6’
‘-3—’-"'— —0 6_'"'_. —0
w=- "¢ % d B,
a0
gg——ﬁ+ a m()‘—:e‘°+ue’),
(77)
da_ 08 o5 a0
o au -~ %0
80 gt —m(Me ),
I
9 o _ o 9ar_ oo
ou u ae, Ovu_ﬂe’



1916] DEFORMABLE TRANSFORMATIONS OF RIBAUCOUR 457

and the last two of equations (50) are satisfied identically. Now
e+ E) (erh-et+ @)
- o o X = [~ _ ok
(78) k (e “+eo_+@ , 1 i =+ G ).
Making use of (11) and (12), we get

(79) R
Hence T and =, are surfaces with isothermal spherical representation of their
lines of curvature. Equations (77) define the transformations E,, of surfaces
with isothermal representation of their lines of curvature into surfaces of the
same kind, which we have discussed previously from several points of view.*

From (53) and (54) we get

0 (]
B -2 4++E V&-E2-45,

7 NE' B,
(80) V&' = A VA
’ 2
G-Y_ e Ey
P2 Ao

&' and 9’ being the coefficients of the spherical representation of Z’. Also
(81) ¥ = —(%e_’+ w/E) l’=%e"’— \G,

so that the parametric curves on the plane =; form an orthogonal system.
Hence the permanent conjugate system on So, the locus of centers of the spheres
tangent to =’ and =1, projects into an orthogonal system on the plane =1 .t

12. ISOTHERMIC SURFACES DETERMINED BY A TRANSFORMATION E,

From the general theory of § 5 we know that there are two isothermic
surfaces = and =’ with the same spherical representation of their lines of
curvature as =’. We proceed to-their determination.

From (80) and (49) we find that the first fundamental coefficients of these
surfaces are

(82) \/E=\/E=)%00, \/E'= C—¥’=){-e",

*Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64.
t Cf. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 378.
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and their principal radii have the values

(83)

From (20), (80), and (78) it follows that we may take p = /Ao, so that the
transformation R of 2’ into Z; is given by

QK r_ _Be P _ ¥ r _ B R o
%’ =3 F=xp N=gpHo =%
The transformations R of T which are the Combescure transforms of the
former are defined by

a2 B o _E
N’ Ao’ b=’
(84) _ -
)\=£-+c, g = K s m=—-m,
Ao Ao
1+07

where ¢ denotes a constant. From geometrical considerations we know that
=, is a plane; it is referred to an orthogonal system whose coefficients are
—0 —0
(85) l::=ce"—§—(1 +&T~), z=ce"+e—(1 +c)\_0').
u u u I
When ¢ = 0, the cosrdinate system on the plane 2, is isothermal. More-
over, the functions (84) with ¢ = 0 satisfy equations (59) and determine a
transformation D_, of Z.
In like manner we have transformations R of =’ given by

= _ 2F = _ B - _ ¥
a_xa,) B_XO" = 0”
Nec—p, F=crP  me—m
4 ’ NJ’(C—[‘L), ’
an
- Ao
k’=—ce‘°;2—+e"(c—p),
— Ao
l’=—ce“’ﬁ—e"(c—u).

The surface Z, is a plane, and for ¢ = 0 we have a transformation D_,, of 2.

The isothermic surfaces = and 2’ belong to the group discussed in § 8.
For every transformation E, has for one of its Combescure transforms a D,,,
namely the transformation of the minimal surface having the given isothermal

spherical representation of its lines of curvature.
PRINCETON UNIVERSITY



